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Abstract 

In the context of field theory two elements seem to be necessary to search 
for strong- weak coupling duality. First, a gauge theory formulation and 
second, super symmetry. For gravitation these two elements are present in 
MacDowell-Mansouri supergravity. The search for an "effective duality" in 
this theory presents technical and conceptual problems that we discuss. Nev- 
ertheless, by means of a field theoretical approach, which in the abelian case 
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coincides with 5-duality, we exhibit a dual theory, with inverted couplings. 
This results in a supersymmetric non-linear sigma model of the Freedman- 
Townsend type. 

PACS numbers: 04.60.-m, 04.65.+e, 11.15.-q, 11.30.Ly 
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I. INTRODUCTION 



Duality in supersymmetric gauge field theory and superstring theory is a matter of 
great deal of recent investigation. It reveals new profound insights in the perturbative 
as well as in the nonperturbative sectors of these theories (for recent reviews see Jl].[2|]). 
In perturbative superstring theory, for instance, T-duality and in general, mirror symmetry, 
gives a surprising new view of space-time physics revealing the existence of a minimal length. 
It also provides a powerful tool to study stringy phenomena of space-time physics, such as the 
idea of worldsheet equivalence of non-smooth space-time transitions whose prime example 
is, of course, the change in the space-time topology. Furthermore, the strong-weak coupling 
duality or S-duality has become a most important technique to study non-perturbative 
aspects of field theory and string theory (see It turns out that S'-duality is a fragile 

property in the sense that the absence of supersymmetry can spoil it. In fact, there are 
known examples of non-supersymmetric field theories possesing the property of S-duality 
Q. However as far as duality is well understood in the presence of supersymmetry, we 
expect that in the case of MacDowell-Mansouri (MM) theory, supersymmetry will improve 
the S-dual description. The absence of supersymmetry implies also the absence of the 
stability of the spectra of masses under the renormalization group flow of BPS states ||. In 
superstring theory, duality also shows the equivalence among different types of perturbative 
string theories and indicates a strong evidence of an emerging underlying theory known as 
M-theory |2| . On the other hand, for N=2 supersymmetric gauge theories in four dimensions, 
Seiberg and Witten found that a strong-weak coupling 'effective duality' can be defined on 
its low energy effective theory for the cases pure and with matter ||. 

Exploring analogies and generalizations of that genuine S-duality, people obtained other 
kinds of "dualities". For instance, in non-supersymmetric non-abelian gauge theory, it is 
possible to define a "field theory duality" by constructing explicitly the dual action to Yang- 
Mills action with a theta term, following the usual Rocek-Verlinde procedure The 
resulting dual action is described by a non-linear "massive" sigma model of the type worked 
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out in 0. In particular, in j7|, the obtained (local gauge invariant) dual variables were used 
by the authors to reproduce the large- N limit of SU(iV) partition function gauge theory in 
two-dimensional tori. In three dimensions, for SU(2), the dual theory is shown to be very 
close to gravity theories and their moduli space of solutions. 

Following these ideas, in Refs. [0,|n|] (and reviewed in ]T2|] ) it was shown that the 
MacDowell-Mansouri gauge theory of gravity in four dimensions |l3||l4f does admit a dual 
description in the sense of 0. This leads to a dual theory of gravity with the structure 
of a generalized non-linear sigma model. It is important to mention that our approach 
does not concern the origin of the theory, it could be seen as an effective theory, for which 
renormalizability has not to be discussed. Nevertheless, the theory could be also considered 
as an elementary theory, and in this case its quantization is an important issue. Thus one 
would like to be able to find an "effective gravitational duality", in the sense that Seiberg 
and Witten have found for standard gauge field theories. It is not clear if such a program 
would work for gravitation. However, it seems to us worthwhile to pursue this task. In the 
first place, we work with the MacDowell-Mansouri formulation, a gauge theory of gravity. 
The other element which seems to be necessary is supersymmetry. So, a natural next step 
is to consider the MM-supergravity version. In this paper we work out its dual description 
in the same sense of Refs. [^0|-|l2||. We are aware that a more rigorous definition of an 
"effective gravitational duality" would need a way to define a low energy effective theory || , 
among other requirements. This task presents particular difficulties, by example, one needs 
to preserve the gauge theory structure of the MM-theory when coupled to matter []i~5| |. In 
order to find the dual description of the MM-supergravity, in section II we present this theory 
and its (anti) self-dual versions. In section III the dual action is obtained from a parent 
action. Section IV is devoted to discussion. An alternative derivation of the dual action 
of MM-supergravity theory, showing explicitly the formalism of calculus in superspace, is 
presented in the appendix. 
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II. MACDOWELL-MANSOURI SUPERGRAVITY 



The theory of MacDowell-Mansouri is a gauge theory in 3+1 dimensions, with the anti- 
de Sitter SO (3,2) gauge group O,^. After breaking the original gauge group to SO (3,1), 



the resulting gauge theory leads to the Einstein-Hilbert action, cosmological constant term 
and Euler topological invariant. 

The supersymmetric version of MM theory can be constructed simply by promoting the 
SO(3,2) gauge fields to those corresponding to the supergroup Osp(l|4). In particular the 
gauge potential A A is a Osp(l|4)- Lie algebra valued potential. The corresponding field 
strength is given by 

•Fpa, — dpAj, — dvAp + -f Bc-A/fAj^, (1) 

where f A sc are the structure constants of the super Lie algebra Osp(l|4). The field 
strength J 7 ^ can be decomposed into three terms corresponding to the three generators 
Sa = (S ab ,P a ,Qi) (with P a = S^a) of Osp(l|4) as 

where 



P ab _ f) A ab _ a a ab , tab a cd a ef (n\ 



v-iafe q tab a 4c a Ad ( a\ 

[iv — Z JAc4d /i f i A v i l 4 J 



©J = (5) 
Z% = IffAJAJ, (6) 



fiai^Aj-A^Aj), ( 7 ) 



7 /il — ®p- A v ~ d^A 1 /! + yfcdjiA^AJ ~ AJ^Aj). (8) 
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The action proposed by MM to describe gravity and supergravity is constructed only in 
terms of gauge fields, without the tetrad or the spin 3/2 field, 

S = J d'xe^T^T^M^ (9) 

where M^b is a generalization of the Levi-Civita symbol chosen by MacDowell-Mansouri in 
the bosonic case and which is defined by 

( £ abcd \ 

(10) 
i(C 7fi )o7 

where 75 = 270717273, 7^ are the Dirac matrices and C is the charge conjugation matrix 
which satisfies C^C~ l = 7^ and C T = —C. The above action can be written as 

S = J d A xe^ [r^T^e abcd + iF^{C^ . (11) 

By identifying A^ b = uj^ b with the spin connection, A^ a = with the tetrad and A 1 = ^> * 
with the gravitino, MM have shown that the action (11) gives the gauge theory of N=l 
supergravity, plus cosmological and topological terms |13| . 



We define the (anti) self-dual part of the field strength (1) as 

± V = X fKr%, (12) 

where ± Bg is given by 

±b a = ( ±b £ \ (1^^-) ) (13) 

V ±5jJ V (i±7fe)}/ 

with 5 a6 C(i = 5^5 b d — S d 5 b . It is then not difficult to see that the self-dual action corresponding 



to (9) is given by 



S+ = I d 4 xe^ + T A+ T B M AB , (14) 



fiu " pa 

which in terms of the Mab components is 



S + = J d 4 xe^ ^T^T p fe ahcd + i+^+^C^l • (15) 



This action is the one proposed in |R] as a self dual version of the MM-supergravity gauge 
theory in terms only on the self-dual spin connection. We will show that similar to Yang- 
Mills and MacDowell-Mansouri theory [IT ], the linear superposition of (15) and the 



anti- self- dual corresponding action, does admit a dual description as well. 



III. DUALITY IN MACDOWELL-MANSOURI GAUGE THEORY OF 

SUPERGRAVITY 



In this section we show that for a theory of gravity with the structure of a gauge theory 



and which is also supersymmetric, it is possible to find a dual description [[11,12] given by a 
super symmetric non-linear sigma model. 

We consider the following action consisting in the linear superposition of the self-dual 
and anti-self-dual parts of (9) 



B 

pa 



(16) 



This action can be rewritten as 



+ T + jrab+ jred 



fiu " pa 



-_— fab— nrcd\ er 
1 pv - r pa/ ,iz abed 



+ K + T + Fj lu + Fp , a ~ -T-F%-Fp{C l5 ) i3 

Substituting (O) and ( [T~5[ ) into this action and using the auxiliary formulas 



(17) 



± B ab e f ± B cd gh e a bcd — ±2iB e f g h 



(18) 



: /;; : /^k'-5); ; = ±C rj Bi, 

after some computations it is an easy matter to show that the action fll6|) is equivalent to 



d A xe pvprT 



-r)T^ v T% + (+r + ~t)T^F% 



M 



AB, 



(19) 



where consist of two parts [T^ v , J 7 *) defined by T\ 



„„ 4£ a ^and^ = 7 5^.The 



first term in (19) is the MM-supergravity (9). In |TT| it was shown that the bosonic part 
of the second term reduces to the Pontrjagin topological term. The fermionic part of this 
second term is its corresponding supersymmetric partner. 

Now we will find a dual action to flTB]). In order to do that, as usual, we propose a parent 
action. For the gauge theory of supergravity of MM we propose this action as follows 



dV p ° ( CfGUG% + <h~Q%-Q% + CfT$+Q% + Cc^~Q% ) M AB (20) 
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where Cj are constants and ± Q are 0sp(l|4)- Lie algebra valued Lagrange multiplier fields. 
Integrating out this action with respect to + Q, ~Q one easily recovers the action fllBD with 
an appropriate choice of the coupling constants Cj. 

In order to get the dual theory we follow the reference Hence, one should start 

with the partition function 

Z = Jv + gV-gVAexp(-L). (21) 



The proposed parent action (|20f) can be rewritten in terms of the components of Mab in 
the form 



L = J d 4 xe 



p,v pa 



(Cx+g^g^ + c 2 -g%-g%)e abcd 

(22) 



' pv -'pa 1 ^ - J fiv - J per 

+i{c 1 + % v + gi a + c 2 ~g^-gp(c l5 ) tJ 

pa abed 



In order to perform the Feynman integral we decompose this functional integration measure 
JVA into its component fields i.e JVA^ = jVAfVA^VAf. Thus we define the dual 
action L* as follows 

exp(-L*) = J VAfVA t ^DAfexp( - L). (23) 

The partition function written in terms of the dual action reads 

Z = J V + gV-gexp(-L*). (24) 

Thus we first integrate out with respect to the field A^ . Before performing the functional 
integration it is convenient to take into account that the last two rows of action ( |22"D can be 
rewritten as 

£ p,pa {Gs+:F ab +g cd + c A -^ v -gf a )e abcd = -2ie^Ff u (C, + g abpa - C,-g abptT ), (25) 

and 



s 



Then the contribution to the field A 4 ^ comes from two pieces of the parent action (|22|) 

L = J d^xe^ [ . . . + Atft Ad (C 3 + g paab - C±-Q paah )A A ;Ai d 
+Zifl ak A k v {C,+Qi pu - Ct-gt^AfCv + ... , 

which can be written as an integral of the gaussian type. The result is 



(27) 



L\ = / <fx 



■■■ + AtfTffJl + ... 



+ ln{y/iiddM~^\ 



(28) 



where 



[tj:: = -i[w]3r[M- i ]sj[w]S', 



(29) 



with 



(30) 



and 



[M]^ = tis^f£ Ad {C 3 + g p(7ah - c 4 ~g 



paab , 



(31) 



Now we perform the integral / T>A l p of fermionic variables with i being a Majorana index. 
The terms in the Lagrangian L* that contribute to the fermionic path integral are 



l\ = J d 4 xe^ + 2iQf u {c, + g paab - c 4 -g paab ) + iF^(c 3 + g p i - Ct-gjjCy + 



Contribution to the integral over A 1 from (29) and (33) can be summarized as 



(32) 



L\ = / d 4 x 



+ 4[Z]f/Ai + ie^»° f cdj Afn prTl - 2d p H m Ai + 



(33) 



where 



[T]^ + [R]r, 



(34) 



Hp* = (C 3 + g^ - Ci-gjJGj and 

W = ifi-e^ pa (C 3 + g paab - C 4 ~g paab ). (35) 

The computation of the fermionic integral is given by 

L* 2 = I d'x[ . . . + \e^(r cdj A^H pai - 2d,H paj )[Z-%e^ s 

(fT dk K d H y5m + 2d a H,sk) + ...] (36) 

+ln(^detZ^). 

Finally we integrate out with respect A°f. The terms of the action that contribute to 
the integration are 



-e^f cdJ n pal [z-%e a ^ s d a n,skAf + ... 

In addition we have the usual contribution coming form the interaction term 



(37) 



L\ = I d 4 xe^ pa 



+ 2iF£(c 3 + g paab - c 4 ~g paab ) + . 



(38) 



Before performing the functional integration / VA ab with respect to A ab it is convenient to 
make the following definitions 



Gfl/ - i£flUf>a fcdef(C 3 + g p(T ab - C A g paa b), 



(39) 



K b = Aie^d v {c 3 + g paab - c A -g paab ), 



^abed — ^ Jabj rL P<?i[ Zj \uf3 e Jcdk^Sm, 



= -e^r cdj n pa ^-%e^ s d a n jSk . 



(40) 
(41) 
(42) 



The relevant Lagrangian is of the form 



L* 2 = J d 4 x[. . . + (KJE* + G&JAfA? + (F£ + + . . . 



(43) 
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Finally we get the dual action in the sense of |7],§] for the MM gauge theory of supergravity, 
this is given by 



L* — J d A x 



^^gab+gcd + ^ - gab - ged ) ^ 

+4d„H p<7j [Z-%e a ^ s d a H lS ^ (44) 
-KKb + V&)[(K + G)- l ]J**(F£ + v£) 
+ln(ir^detM-^detZ^det(K + G)~l). 

It should be remarked that this resulting supersymmetric non-linear sigma model has the 
same structure of previous models considered in the literature ||. 

In the process to get the dual action (|44]) we have integrated out Feynman integral 
through the explicit decomposition of the integration measure (p3|). This choice breaks 
explicitly its description in the superspace. It has not necessarily to be so. It is interesting to 
see that the dual action ( f44|) can be also derived completely from the formalism of integration 
in supermanifolds [[17]]. We leave the details of this derivation for the appendix A. 

IV. DISCUSSION 



In gauge field theory, iS-duality arises naturally for abelian theories ||18|| . For non-abelian 



theories, Seiberg and Witten || have shown that supersymmetry is very useful mainly 
due to the holomorphic properties of the superpotential. Thus, after breaking the gauge 
symmetry an effective duality can be obtained. For non-supersymmetric gauge theories, a 
"field theory duality" can be constructed which results in the usual S-duality for the 

abelian case. However, for non-abelian theories, this dual theory turns out to be a kind 
of "massive" non-linear sigma model II. Of course, S-duality is present in the superstring 



and M theory approach, with deep non-perturbative consequences. In [15], "gravitational 
branes" which arise in type II superstrings and M theory have been considered in the search 
for gravitational duality. 
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If one attempts to formulate a program to pursue ^-duality for gravitation, in the frame- 
work of field theories, it seems to us that one should take into account the elements mentioned 
above for standard field theories. 



We need, first, a gauge theory of gravity. This has been done already by MM 13 and 



other authors Second, the theory should be supersymmetric. Third, being the MM 

supergravity a gauge theory, one would need to find matter couplings which should preserve 
this supersymmetric gauge structure, in such a way that the tetrad and the gravitino field 
do not appear in the action whole Hl5| . Fourth, the next step, is to break the symmetry in 
order to find an "effective gravitational duality" . 

The third and fourth steps present technical and conceptual challenges. The coupling of 
matter in these kind of gauge theories of gravity is an open problem ||15|| . The symmetry 
breaking, consequently, has to be understood, technically as well as conceptually. Let us 
remember that we are dealing with a gauge theory of (super)gravity. 

In this work, following this program, we have been able to deal with a gauge theory of 
gravity which is supersymmetric and we were able to find a field theory duality in the sense of 
references ■ It is interesting to note that our supergroup procedure could also be useful 
to extend the results for standard Yang-Mills theories to their corresponding supersymmetric 
versions. 

The search to find an effective gravitational S'-duality in the context of field theory, 
requires further work and a deeper understanding of the technical and conceptual issues. 
Work in these aspects is in progress. 
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Appendix A. ALTERNATIVE DERIVATION OF THE DUAL ACTION 



The purpose of this appendix is to provide an alternative derivation of MM-supergravity 
dual action (45) from the formalism of integration in supermanifolds [17]. First of all notice 
that the last two row of Eq. (23) can be written as 

= -2tF«X + iF^Hr , (A.l) 
where H% = e^^{C^Q paah -C^Q paah ) and ftf = e^{C^Q pal -C^Q pal ), with ±0^ = 

Taking into account the definition of the field strength T^ v , after partial integrations we 

get 

+U&A*A*, + Md^Af - 2id^ v Al 

where A% = A* and K% = Ufi^, W% = ifl ai Hf, B% = ^Kl G abcd = iftLKf 
^d uz = if' 7?" 



abi J abi L j 

This quadratic form can be diagonalized by defining the ^-variables 

a t = -k%A%8i + - JZiAfA* - u-\^d p nZd.n 

+N:id p nro a nr + sj-tj M u%z-y%H%d 'Hr 



cd 



(A.3) 



where 



Zff = 4(-itf + WStK-^Wg), 

J abcd - ^abcd ~ U abi /j pa U cdji 

N% = -A{Z-J « + Z-lfUtZJ-lfMUZZ- 1 *) 



and 

4 = 4 + K-l; b wg°Ai, 

4 = 4 + 2Z-J«(2ia p Wf - U^Af), (A.5) 
A ab = A ab + 2iJ-l**(d p HZ - UZZ^ ^d T Hf). 
Now, if we define the matrix 
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M 



( G U T ^ 



u z 



(A.6) 



V 



whose inverse is given by (see for example |T 

-(1 - Z- X UG- X V T Y X Z- X UG- X (1 - Z- 1 UG~ 1 U T )- 1 Z- 1 
and we take into account the identity 

z- x u T r x u = i - (i - z- 1 u T Gr x u)- x , 

we obtain, written in a matrix formulation 



(A.7) 



.4 



A T KA - ]a t ZA - A T JA + AM~l AB d p H p B u d a H7 



(A.8) 



(A.9) 



In order to integrate the components of A A , we must first make the change of variables ( |A.5| ), 
it mixes the variables among them and the corresponding jacobian should to be taken into 
account. Due to the fact that bosonic and fermionic variables come into play, the jacobian 
is given by a superdeterminant, defined by ||17| 

A c\ det(A- CB^D) 



Sdet 



V 



D B 



det£ 



(A.10) 



^From ( |A.5| ), it can be seen that the superdeterminant of the matrix of the homogeneous 
part of the transformation is 1. Thus, there is no contribution from the jacobian. 

The integrations to be done are gaussian. Hence the result will be the product of deter- 
minants det JT - ^ det J~5 det Z^, where the last one has a positive power because it comes 
from a fermionic integral. From the definition of the matrix J = G(l — G~ 1 UZ~ 1 U T ), we 
see that the product of the last two determinants can be written as the superdeterminant 



of the matrix ( A.6 ). 

Thus we get that the dual action for MM-supergravity is given by 

l* = I d^xe^ (d+gt+g* + c 2 -g*-gA m ab + AM-\ AB d p n B u d a nT 



+ In (det K~ 3 SdetA4~5 
Writing in components this action is, of course, equivalent to the action 



(A.ll) 
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